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ABSTRACT 
We show that the fourth order form in five variables, 
is nonnegative, but cannot be written as a sum of squares of quadratic forms. 
In the 1971 International Mathematical Olympiad for high school stu- 
dents (see [4]), the following problem was posed: 
Let n be a positive integer, xi, 4,. . . , x,,, n real numbers. Define the form 
A,(x) to be 
A,(x)= 2 fl (q-s). 
i=l j#i 
For which integers n is the form A, nonnegative? 
The answer is: only for n = 3 and n = 5. Clearly, 
(1) 
for n even, A,, is of odd 
degree and so changes sign. Suppose n is odd and > 7; set 
x1=x2=xg- -0, x4= 1, x5=$+=. . . =x,=2. 
All terms but the 4th in the sum (1) are zero, so 
A+)=(-l)n-4= -l<O. 
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For n = 3 one can write 
clearly nonnegative. For n = 5 one makes use of the invariance of A,(x) 
under any permutation of the variables xi and assumes that the xi are 
nondecreasing with the index i. Under this condition the sum of the first two 
terms in (l), which can be written as 
is clearly > 0. Similarly the sum of the last two terms is > 0. The middle 
term, being the product of two nonnegative and two nonpositive numbers, 
also is > 0. This shows that As(x) > 0 for all x. 
The proof for the case n = 3 differs from the proof for n = 5 inasmuch as 
A, was exhibited as a sum of squares, while A, wasn’t. The purpose of this 
note is to point out the 
THEOREM. A, cannot be written as a sum of squares of quadratic 
f OWLS. 
That higher order nonnegative forms cannot always be written as sums of 
squares was first pointed out by Hilbert in [5]; he credits Minkowski for 
conjecturing this. A review of this subject is given by Olga Taussky in [7]. 
The present example is of degree 4, ostensibly in 5 variables but in reality 
only in 4, since As(r) depends only on the differences of the variables 4. This 
is the smallest possible number of variables, since, as shown by Hilbert in [5], 
every nonnegative quartic form in 3 variables can be written as a sum of 
squares. 
Hilbert conjectured in his famous collection of problems, [6], that every 
nonnegative form can be written as a sum of squares of ratios of forms. This 
was proved to be true by Artin in [l]. It may be interesting to determine the 
smallest number of squares of ratios of forms into which A, can be decom- 
posed. 
Proof. Suppose A, could be represented as 
each Qi a quadratic form. Clearly Qi (x) = 0 whenever A,(x) = 0. Now A,& x) = 
0 whenever each xi equals some other xk; this is the case for instance when 
xi= xa and xa = x4 = x5, (3) 
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and what (3) becomes when the indices are permuted. 
LEMMA. A quadratic form Q which is zero whenever condition (3), or 
one of its permutations, is satisfied is identically zero. 
This lemma, combined with the above observation, shows that each Qi in 
the representation (2) is identically zero. This proves that (2) cannot hold and 
proves the theorem. H 
Proof of Lemma. Write 
Q ('I= IZ ‘ik’f’k Cik = cki. (4) 
By hypothesis Q (x) = 0 when x1 = x2 = y, xa = x4 = xs = z: 
O=Q( ~,Y,~,",~)=(c~~+~c,,+c,,)Y~ 
+2(%3+c14+%5 + %3 + c24 + c25) Yz 
+(c~+c~~+ c,+2c,+2c,,+2c4,).z2. 
Since this holds for all y,z, it follows that 
c,,+2c,,+ C&=0, 
C13+C,4+C,5+C23+C24+c25=0, 
c,+ c,+c,,+~c,+~c,+~c~~=O. 
(5) 
(6) 
(7) 
Since the relations obtained by permuting the indices above are also true, we 
deduce from (5), using the permutation 12345-+34125, that 
c,+2c,,+ c44=o. 
Subtracting this from (7), we get 
c55+2C35+2c45=0. (8) 
Consider all permutations of the indices which keep 5 fixed; the relations 
resulting from (8) remain true, so we deduce that 
cjs + CkS = - hi5 
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for all j# k and j, k#5. This implies that 
Cl5 = c25 = ca5 = c45. (9) 
Transposing 1 and 5, and then 2 and 5, we deduce from (9) that 
cgl = c21= cg, = C41r 
c1!2= cs2 = cz2 = c42. 
Using the symmetry of cik, we deduce from these relations that 
Cli = czi = Cl2 for j=3,4,5. 
Substituting this into (6), we conclude that Bc,, = 0. Since the pair 1,2 can be 
replaced by any other, we conclude that 
Cjk =o for j#k. 
Substituting this into (B), we deduce that css=O. Since 5 can be replaced by 
any other index, we conclude that 
cii =o. 
This completes the proof of the lemma. W 
Other interesting examples have appeared in a paper of M. D. Choi [2]. 
M. D. Choi and T. Y. Lam [3] have announced that the very simple quartic 
form ~“y” + y2z2 + z2x2 + tu4 - 4xyzu: is positive semidefinite but not a sum of 
squares. 
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